We study the distribution of lepton pairs from the second lightest neutralino decayχ 0 2 →χ 0 1 l + l − . This decay mode is important to measure the mass difference betweenχ 0 2 and the lightest neutralinoχ 0 1 , which helps to determine the parameters of the minimal supersymmetric standard model at the CERN LHC. We found that the decay distribution strongly depends on the values of underlying MSSM parameters. For some extreme cases, the amplitude near the end point of the lepton invariant mass distribution can be suppressed so strongly that one needs the information of the whole m ll distribution to extract mχ0 2 − mχ0 1 . On the other hand, if systematic errors on the acceptance can be controlled, this distribution can be used to constrain slepton masses and the Zχ 0 2χ 0 1 coupling. Measurements of the velocity distribution ofχ 0 2 from samples near the end point of the m ll distribution, and of the asymmetry of the p T of leptons, would be useful to reduce the systematic errors.
Introduction
If supersymmetry is realized in nature, it promises exciting possibilities for future collider physics -the discovery of sparticles. If the scale of supersymmetry breaking is around 1 TeV (as preferred by fine-tuning arguments related to problems in the Higgs sector), many sparticles will be produced at future colliders such as the Fermilab Tevatron upgrade, the CERN Large Hadron Collider (LHC), or future e + e − colliders proposed by DESY, KEK, and SLAC. Sparticles produce unique signatures in the detectors and will be discovered quite easily.
It has been pointed out that one cannot only discover those sparticles, but can also study their detailed nature in future e + e − colliders. By measuring sparticle masses, production cross sections for a polarized electron beam, and other distributions, we will measure soft supersymmetry breaking mass parameters [1, 2, 3, 4, 5] and prove supersymmetric relations [6] . Studies at future e + e − colliders should reveal details of the mechanism to break supersymmetry.
Corresponding studies for the LHC have been performed in [7, 8] in the framework of the minimal supergravity model. These analyses show that a precise determination of the model parameters is possible; the LHC is especially powerful when the gluino decayg → bb followed byb → bχ 1 can be identified by tagging the bottom jets and the hard leptons. One of the key tricks of the studies is the measurement of the end point of the invariant mass distribution of the lepton pair with same flavor and opposite charges. The end point determines the mass difference between the second lightest and the lightest neutralino [9] , mχ0 2 − mχ0
1
. The kinematically constrained nature of the end point samples allows one to reconstruct the decay chains to determine the parameters of minimal supergravity model [7, 8] . At the end, all or some of the parameters in the model would be determined.
However, the minimal supergravity model is not the only model for spontaneous supersymmetry breaking in a phenomenologically consistent manner. Moreover, there are various possibilities even within the supergravity model, as summarized in Ref. [12] for example. Other mechanisms to break supersymmetry (SUSY) are also discussed extensively [11, 13] .
Assuming that the LHC can determine all parameters within the minimal supergravity model by looking into some signal distributions, the next question is what we should look into to over-constrain the model, or to determine deviations from the minimal supergravity model. As we mentioned before, studies in this direction have been done in great detail for future e + e − colliders. For hadron colliders, such a study would be complicated because more than one SUSY channel can contribute to a particular class of events since different sparticles are simultaneously produced.
In this paper, we discuss the parameter dependence of the distribution of the three body decayχ [14, 15, 16, 17] . We point out that not only the branching ratio but also the decay distribution is sensitive to the MSSM parameters, giving us an extra handle to determine ml, tan β, M i and µ, independent of the SUSY breaking mechanism.
The organization of this paper is as follows. In section 2, we discuss the MSSM parameter dependence of the lepton invariant mass distribution arising fromχ 0 2 decay. Near the region where interference between Z 0 exchange andl exchange becomes important, the decay distribution is very sensitive to ml. We point out that studying the whole distribution of the lepton invariant mass m ll can be very important even for extracting the end point; events near the end point could be so few that one could misidentify it without this information. We also discuss the chiral structure of the amplitude, and show an interesting parameter dependence of the tau polarization inχ
decays.
In section 3, we discuss effects of cuts on observed distributions. Though m ll of lepton pairs fromχ 0 2 decay is independent of theχ 0 2 boost, each lepton energy depends on the parentχ 0 2 momentum. Therefore we expect two apparent sources of systematic error: (A) uncertainty of the lepton energy distribution in theχ 0 2 rest frame, and (B) uncertainty of the parentχ 0 2 momentum distribution. It would be helpful to reduce these two errors in order to maximize the physical information that can be extracted from the observed m ll distribution. We argue that a measurement of the asymmetry of lepton energies would reduce the systematic errors from (A), while the lepton energy distribution near the end point of the m ll distribution constrains (B). In section 4 we study if the m ll distribution constrains ml and the parameters in the neutralino mass matrix. Section 5 is devoted to discussion and comments.
. For convenience, we have introduced mass ratios rχ B , r Z , and rf
Note that (
They do not interfere for m f = 0. The partial decay width is given by
where N C = 3(1) for f = q(l). The range of (x, y) is given by the conditions
Now we consider the case ofχ In contrast, when thel exchange contribution dominates, distributions are enhanced in regions with large x and/or large y, therefore in small m ll and large |E
are lepton energies in theχ 0 2 rest frame. We consider the case where 2M 1 ∼ M 2 ≪ |µ|, a typical case in the minimal supergravity model. In this case,χ 0 2 is Wino-like andχ 0 1 is Binolike. An interesting property in this case is that the Z 0 andl amplitudes could be of comparable size in some region of phase space. Furthermore, their interference is generally destructive for leptonic decays. These effects cause complicated situations, which we discuss below.
We show numerical results for the m ll distribution. For illustration, we use two sets of parameters for the neutralino sector, (A) and (B), shown in Table 1 . These values are fixed to give the same masses for three inos, (mχ0 1 , 3 In some region of parameter space, we may study the three body decays ofχ 0 2 even if two body decays are open [18] . Such a study is beyond the scope of this paper. Table 1 ), and universal slepton masses ml = ml L = ml R are 170 GeV (thick solid), 220 GeV (dashed), 270 GeV (dotted), 320 GeV, and 500 GeV. For mQ = 500 GeV, Br(χ
1 ) =11%, 9.5%, 4.1%, 2.1%, 1.9%, respectively. The total number of events of each curve is 10 4 .
In Fig. 1 , we show the m ll distribution of the decayχ
1 for parameter set (A) and varying ml from 170 GeV to 500 GeV. 4 Because mχ0 2 and mχ0 1 are fixed, the end points of the distributions m max ll = 68.7 GeV are same for each curve, while the shape of the distribution changes drastically with slepton mass. For a slepton mass of 170 GeV (thick solid line), the decay proceeds dominantly through slepton exchanges, therefore 4 Heavy sleptons and Bino-likeχ 0 1 is cosmologically disfavored because it leads to a large relic mass density [19] . However, this constraint can easily be evaded ifχ 1 ) for mQ = 500 GeV is 6.6%, 2.9%, 0.9%, 1%, 1.8%, respectively, The thick dashed line is an example with complete cancellation of the amplitude near the upper end point. The branching ratio to e + e
−χ0
1 is 1.8% for this case. The total number of the events is 10 4 for each curve.
In Fig. 2 , we show an example for µ > 0, parameter set (B). The dependence on the slepton mass is different from the previous case. As ml increases from 170 GeV, m ll distribution becomes softer. For ml > 250 GeV, a second peak appears due to strong cancellation of Z 0 exchange and slepton exchange contributions for a certain value of m ll . At the same time, the branching ratio reaches its minimum at ml ∼ 300 GeV, much less than 1%. For ml ≫ 370 GeV, it increases again above 1%.
Notably, one can find slepton masses where a complete cancellation occurs very close to the end point m − m ll < 4 GeV) becomes too few, and it is very hard to observe the real end point for this case.
The lepton invariant mass distribution is an important tool for studying supersymmetric models at hadron colliders. In [8] , a case study is done in a scenario where decaysg → bb andb → bχ 0 2 have substantial branching ratios. χ 0 2 production is enhanced by the large gluino production cross section, and the S/N ratio could be improved substantially by requiring three or four bottom jets in the final states. For Br(χ
1 ) ∼ 16 %, S/N goes well above 10. Even if gluino decay intobb is closed, the lepton invariant mass distribution can be measured (case 4 of [8] ). In this case, one can subtract most backgrounds using lepton pair samples with opposite charge and different flavors.
The most important aspect of the lepton invariant mass distribution in these studies is the determination of the end point, which is expected to coincide with mχ0
. Furthermore, choosing events near the end point helps one to relate the velocity of the two lepton system β ll to that of the neutralinos βχ0 2 and βχ0 1 , so that one can reconstruct the cascade decay chain. Errors on the mass difference of 2% ∼ 0.1% are claimed depending on statistics [8] .
The slepton mass dependence ofχ 0 2 decay distributions suggests that not only the end point of the distributions but also the distributions themselves contain information about the underlying parameters such as ml. The negative side of this is that the fitted end point may depend on the assumed values of these parameters, introducing additional systematic errors in the fit. For some extreme case shown in Fig. 2 , the observed end point of the lepton invariant mass distribution does not coincide with mχ0 2 − mχ0
1
. Note that realistic simulations including the parameter dependence of the decay distribution are not available for hadron colliders so far. In the commonly used Monte Carlo (MC) simulators ISAJET [20] and SPYTHIA [21] , the three body decay distribution of sparticles is approximated by the phase space distribution, while branching ratios are calculated by full expressions. 
is not always large. It has not been yet studied systematically if it is possible to measure the lepton decay distribution at future hadron and e + e − colliders when Br(χ 1 ) > ∼ 2% for not too heavy gluino. At future lepton colliders, it is very easy to get a clean signal. However, the production cross section is rather small for heavy sleptons.
At e + e − collider with large luminosity ( L > 500 fb −1 /yr) [24] , the region with σ(e + e − →χ 0 2χ 0
2 ) > 20 fb may be studied with samples containing more than 1000 events, even if Br(χ 
. It does not couple tol R effectively [see Eq. (A4)], therefore decay into l R proceeds dominantly through Z 0 exchange. In Fig. 3(a) we show the m ll distribution for
GeV(thick lines) and 270 GeV(thin lines). When ml increases from 220 GeV to 270 GeV,
and also becomes smaller due to interference. The relative importance of |M R | increases, leading to a total distribution that is more strongly peaked near m 
decay. Average polarization is P ave = −0.839 for ml = 220 GeV and −0.428 for ml = 270 GeV.
In Fig. 3(a) , negative interference reduces the amplitude near m max ll for l − L , while the amplitude for l − R is increased. This causes a strong m ll dependence of the lepton polarization P l . In Fig. 3(b) , we plot this polarization as a func-tion of m ll for different slepton masses. They differ dramatically near m max ll . In neutralino decays into τ + τ
−χ0
1 , P τ may be observed through the decay distributions of the τ leptons. In τ ± → ρ ± → π ± π 0 , a 1 → π ± π 0 π 0 decays, the E π ± /E jet distribution depends on the parent τ polarization drastically [25] . Experimentally, the fine momentum resolution [1, 7] of the detector could be used to identify these tau decay products [5] at future e + e − colliders. At hadron colliders, the momentum of charged tracks and the energy deposited in the electromagnetic calorimeter would give the same information. Implications of τ polarization measurements in analyses of new physics have been discussed for charged Higgs bosons produced at the upgraded Tevatron and LHC colliders [26] , and forτ at e + e − colliders [27, 5] . Due to the missing tau neutrinos, one would not be able to measure the invariant mass of two tau leptons. Nevertheless the P τ dependence on the invariant mass of the two τ jets might be seen in future collider experiments. Note that in τ → ρ or a 1 decays, the final vector meson carries a substantial part of the parent τ momentum, therefore the smearing of the distribution is less severe than for decays into π ± , µ, and e. Several comments are in order. In Eq. (1), we have neglected the Yukawa couplings of leptons and slepton left right mixing. Forτ , these effects could be very important if tan β is large. Notice that their leading contribution flips the chirality of the τ lepton [27] . For three body decays, studying the correlation of two tau decay distributions would reveal the helicity flipping and conserving contributions separately.
In most numerical calculations in this paper, we assume universality of slepton masses. However, in supersymmetric model, staus could be lighter than the other sleptons for various reasons. The running of stau soft SUSY breaking masses from the Planck scale [28] and stau left-right mixing [29] could enhance decays into ττ or τ + τ −χ0
1 . Experimental consequences of such scenarios have recently been widely discussed [30, 31] . Also models with lighter third generation sparticles have been constructed to naturally avoid the flavor changing neutral current problem [13] . The two body decay branching ratio into ττ or the three body decay branching ratio into τ τχ 0 1
and the decay distribution might be different from those for leptons in the first two generations. The study of theχ
1 decay in addition to the other leptonic modes could be an important handle to identify such models.
Correcting Acceptance Errors
In collider experiments, we need cuts to reduce backgrounds, and they substantially change distributions we are interested in. This effect can be corrected by Monte Carlo simulations once model parameters are fixed. But it is still worthwhile to investigate how the distributions are modified by the cuts, and if this effect can be estimated in a model-independent way.
Let us considerχ 0 2 decays at the LHC, whereχ 0 2 comes from the cascade decay of heavier squarks and gluinos:
andχ 0 2 may decay further into l + l −χ0
1 . These decay processes have been shown to have small backgrounds. In [8] ,g decay into bb followed byb → bχ 0 2 , andg decay into qqχ 0 2 were studied. After lepton transverse momentum cuts, cuts on total transverse energy E T and total missing transverse energy E / T , b tagging (for the former), and subtraction of backgrounds estimated from the opposite charge -different flavor lepton sample, the m ll distribution fromχ 0 2 decays can be measured over a wide region of m ll .
The observed distributions are modified by the cuts, and they depend on the decay processes through whichχ 0 2 is produced. One might worry that those cuts are strongly correlated with m ll , i.e., particular regions of m ll have large (small) acceptance, therefore the whole distribution may become quite different from the original one. Indeed, the cuts on lepton energy should affect the m ll distribution directly. On the other hand, cuts on the total E T and E / T should be less correlated with the momenta of the leptons. In the following, we therefore discuss the effect of cuts on lepton energies on the lepton invariant mass distribution.
In Ref. [8] , a lepton transverse momentum cut, p l T > 10 GeV ∼15 GeV, is applied to all leptons. The m ll distribution after this cut should depend on the E l distributions ofχ 0 2 decays in theχ 0 2 rest frame, and also on thẽ χ 0 2 momentum distribution through the boost of leptons. In Fig. 4 , we plot the m ll distribution for our standard parameter set (A) and ml = 250 GeV, requiring that the lepton energy E l in theχ 0 2 rest frame is larger than 0 (thick solid), 10 GeV (thick dashed), 15 GeV (thick dotted), respectively. We also plot the corresponding distributions in phase space approximation. , it is still qualitatively true that events with small m ll would be more affected by the cuts. Note that, whenever a large cancellation of the amplitude occurs at the m ll end point, the m ll distribution near the end point also differs substantially from those without cancellation. The acceptance near the end point should be large and should depend on m ll only weakly, so that we could distinguish a "fake" end point from the kinematical one through the study of the distribution.
In Fig. 4 , the m ll distribution is softer in the phase space approximation. However, when E rest l > 10 GeV is required, the number of events with smaller m ll is reduced significantly compared with that for parameter set (A). The qualitative difference between the two curves becomes less significant after E rest l > 10 GeV is required. The difference of the acceptance in smaller m ll region can be seen when we plot lepton energy difference. In Fig. 5 we plot A l = |E l + − E l − |/(E l + + E l − ) in the rest frame ofχ 0 2 requiring E l > 10 GeV and 6 15 GeV < m ll < 40 GeV. The distribution reaches its maximum at A l = 0 for the parameter set (A) with ml = 250 GeV (thick line), while for phase space approximation (solid) the A l distributions are roughly flat. This is because the amplitude near E rest l = 0 is suppressed, and agrees with the quantitative difference of the acceptance in small m ll region found in Fig. 4 . The acceptance should also depend on underlying MSSM parameters. We show the distribution for the parameter set (B) and ml = 170 GeV, which has similar m ll distribution to µ < 0 case. Due to the small slepton masses, the amplitude is enhanced in smaller E l region, therefore the A l distribution is more flat than for the ml = 250 GeV case. This suggests that A l and acceptance may depend on slepton masses whenχ , from the momentum of the lepton pair [7, 8] . Thisχ 0 2 distribution may be convoluted with the m ll distribution and the A l distribution in theχ 0 2 rest frame to obtain the corresponding distributions in the laboratory frame. Even though the observed decay distributions are sensitive to the pχ0 2 spectrum, they might thus be corrected by measuring the βχ0 2 distribution using events with m ll near its end point.
So far we have only discussed the invariant mass distribution of lepton pairs fromχ 0 2 decays, which is known to be important for SUSY studies at the LHC. In contrast, for the Tevatron upgrade, the trilepton mode is more important to discover supersymmetry [32, 30] . This signal comes from the coproduction ofχ 0 2χ ± 1 and their decays into leptons. For this particular mode, the energy distribution of leptons from chargino decay must be considered in addition to the neutralino decay distributions. rest frame. We take parameter set (A) (µ < 0) and (B) (µ > 0) and vary ml as indicated in the figure. The thick solid line shows the distribution in the phase space approximation. The leptonic branching ratio ofχ + 1 is above 8% for the parameters used in the figure.
In Fig. 6 , we show the lepton energy distribution of charginoχ + 1 in the chargino rest frame for the parameter sets (A) and (B). The amplitude of χ + 1 decay is easily obtained by replacing relevant masses and couplings in Eq. (1). The parameter dependence is not very strong if the slepton mass is much above 200 GeV, but if it is close toχ + 1 , the lepton energy distribution sensitively depends on the slepton mass. The branching ratio to the lepton is also larger in this region making the trilepton mode more promising. For parameter set (A), the distribution is almost flat in E l for ml = 170 GeV. Such a dependence of the energy distribution in theχ ± 1 rest frame on MSSM parameters will affect the observed distribution of leptons in the lab frame. Notice that we must also pay attention to the effect of other cuts, e.g., on the total E T or E / T . For example, forχ 0 2χ ± 1 co-production, the twoχ have balanced transverse momentum unlike in the case whereχ 1 decays tend to be back to back to each other. This makes the total E / T smaller, especially when the lepton energies are large. The correlation between various cuts must be studied very carefully.
In this section, we have only discussed the effect of lepton energy cuts on the observed m ll distribution, and its dependence on unknown MSSM parameters. It is possible that other cuts like lepton isolation cuts, E / T cuts, and total E T cuts correlate with each other in a complicated manner to introduce additional uncertainties. This may be corrected quite easily by existing MC simulations. The aim of this section has been to point out an obvious source of uncertainty that has not been taken into account in current MC simulations, and to propose several observables that might constrain this uncertainty directly.
Sensitivity to the Underlying Parameters
In this section, we discuss if it is possible to extract the values of underlying MSSM parameters by measuring the m ll distribution. As we have already seen the distribution depends strongly on ml, and also on theχ Therefore the m ll distribution gives at least one constraint on µ, tan β and ml in addition to the well known constraint on mχ0
Because there is no MC simulation including the parameter dependence of three body decay distributions, we estimate the sensitivity to tan β and ml under the following working assumptions:
1. Backgrounds can be subtracted, or are negligible, and do not cause additional systematic errors.
2. The dependence of the acceptance on m ll can be corrected.
Under these assumptions, we define the sensitivity function S as follows:
Here n
) is the number of events in the i-th bin of the m ll distribution for the MSSM parameters (M 1 , M 2 , µ, tan β, ml are set to equal to those for parameter set (A).
In Fig. 7(a) , we show contours of constant S = 1, 2, 3, 4 (corresponding to 1σ, 2σ, 3σ, 4σ) in the (tan β fit , m fit l ) plane. For the solid lines, we take parameter set (A) and ml = 250 GeV as input parameters, while for fitting parameters we vary tan β and ml
9 The resulting contours (solid lines) correspond to the sensitivity of the m ll distribution to ml and tan β when the three ino masses are known.
In the figure, a strong upper bound on the slepton masses emerges, while the lower bound is weak. Notice that there is another minimum near tan β ∼ 2 and ml = 170 GeV. By looking at the A T l distribution, the two different minima may be distinguished. In that case a stronger lower bound would be obtained. On the other hand, ml < 260 (270) GeV is obtained if S < 1 (2) is required. This can be understood as a result of the large change of the fb −1 in the LHC study [8] for a grand unified theory (GUT) scale gaugino mass parameter M = 100 GeV. At a high luminosity e + e − collider, O(1000) lepton pairs could be produced. Our choice N = 2500 should thus not be too unrealistic. 9 In our fit, we fix the ino masses, therefore we implicitly assume that the "fake end point" problem discussed in section 2 can be resolved when the whole distributions are taken into account. distribution between ml = 270 GeV and ml = 500 GeV found in Fig. 1 . The m ll distribution also constrains tan β mildly. The constraint is not very strong due to our choice of parameters |µ| ≫ M 2 ; gaugino-Higgsino mixing is suppressed in this case.
We computed these contours by fixing the three ino masses. This may not be a realistic assumption, becauseχ is increased, the constraint on tan β tends to disappear. The constraint from the m ll distribution is independent of that from the decay branching ratio. In Fig. 7(b) , we show the contours of constant Br(χ 
The shapes of these contours are not particularly correlated to the constraint from the m ll distribution shown in Fig. 7(a) ; therefore combining the two pieces of information might constrain the parameter space further. However, we should be aware that the branching ratio depends on the whole sfermion mass spectrum. For example, if there is a substantial reduction of masses for third generation sfermions, the branching ratio will be changed. Fits using the m ll distribution are very important in that sense, because the shape depends only on ino mass parameters and ml. Notice also that we only measure the sum of the products of several branching ratios rather than Br(χ 
Discussion and Conclusion
In this paper, we examined the impact of neutralino decay distributions on the study of the minimal supersymmetric standard model at the CERN LHC. The leptonic three body decay of the second lightest neutralino,χ
1 , is known to be very important because the end point of the lepton invariant mass distribution m max ll gives us direct information about the mass difference betweenχ 0 2 andχ 0 1 , which gives us a stringent constraint on MSSM parameters.
We found that the neutralino decay distribution depends on the slepton masses rather sensitively. Measuring the shape of the lepton invariant mass distribution can be important even for the determination of m max ll . In some cases, the measured end point may not coincide with the neutralino mass difference mχ0 2 − mχ0 1 , due to the strong suppression of the amplitude near m max ll , while the leptonic branching ratio is still around a few %. On the other hand, if systematic errors can be removed, the distribution gives us a model independent probe of the slepton mass scale. For theχ 0 2 signal fromg decay, the S/N ratio is very large, or the background can be subtracted by using lepton pairs with opposite charge and different flavors. The remaining distribution can be further studied by looking at (A) the βχ0 2 distribution measured by using events which have m ll near its end point, and (B) the lepton transverse momentum asymmetry A T l distribution, which is well correlated with the lepton energy asymmetry in theχ 0 2 rest frame. Notice that if theχ 0 2 momentum distribution is precisely measured, leptonic decay distributions may be discussed without any QCD uncertainty, which might otherwise be substantial. Of course, the correlation with other cuts (e.g., on E / T , E T , lepton isolation) must be either small or determined from direct measurements, so that measurements in the lab frame allow us to reconstruct theχ 0 2 decay distribution in its rest frame. The revenue of such an effort to reduce the uncertainty from the cuts is information on slepton masses and neutralino mixings, independent of any assumption about the mechanism to break supersymmetry.
In order to see if a study in such a direction is possible, dedicated MC simulations are necessary. Notice that the commonly available MC codes ISAJET and SPYTHIA used to simulate the three body decay distribution in phase space approximation. Our results show that a more careful treatment ofχ
1 decays is important, if one is interested in decay distributions. Moreover, the acceptance of such di-lepton events depends on the lepton energy inχ 1 co-production do not suffer from large backgrounds. Though the statistics is rather limited there, it would give us constraints on slepton masses and neutralino mixings. Notice that in supergravity models the lighter chargino and neutralinos are expected to be lighter than squarks and gluinos. Both LC and LHC may find and studyχ 0 2 , and the information gleaned from these analyses can be combined to obtain a better understanding of MSSM parameters and the SUSY breaking mechanism.
where f stands for l, ν, d, and u. The couplings (a, b) for leptons are, in the (l L ,l R ) basis,
where t W = tan θ W . We have always ignored O(m l ) terms in Eq. (A4) in our numerical calculations. The coupling ofχ 0 and Z 0 takes the form
